GROUP-LIKE EXTENSIONS OF MINIMAL SETS

BY
ROBERT ELLIS(?)

Introduction. In [1] it was shown that every point transitive transformation
group (X, T') with compact Hausdorff phase space X could be represented as the
set of T-homomorphisms of & into € =%(BT), the algebra of bounded functions
on T, for some T-subalgebra &/ of €(BT). In this context it seems natural to try
to obtain information about (X, T') by means of algebraic objects naturally attached
to &. One such is a group G(&) of T-homomorphisms of ¥ into € which leave the
elements of .« elementwise fixed.

Let (X, T) and (Y, T) be minimal sets with compact Hausdorff phase spaces,
let (Y, T) be a homomorphic image of (X, T), and let &7, # be algebras corre-
sponding to (X, T) and (Y, T) respectively. Then we may assume % <., whence
G(/) < G(%). Even in this situation it may happen that ## & and G(&)=G(%).
In order to prevent this one must place some further restrictions on the pair
[(X, T), (¥, T)]. This leads to the notion of a group-like extension (see 7).

When Y is a one-point space, then (X, T') is a group-like extension of (Y, T)
if and only if (X, T) is distal (20). This leads to some results in [6].

Let (X, T) be a group-like extension of (Y, T). Then it may happen that G(&)
is a normal subgroup of G(%#). When this occurs, (X, T) is called a group extension
of (Y, T). The reason for this nomenclature is that (X, T') is a group extension of
(Y, T) if and only if there exists a group of homeomorphisms H of X onto X such
that (H, X, T) is a bitransformation group [3] with (X/H, T') isomorphic to (Y, T).

When (X, T) is merely a group-like extension of (Y, T) one can show (29)
that there exists a group extension (Z, T') of both (Y, T) and (X, T). Let H act on
Z with (Z|H, T) isomorphic to (Y, T) and let F< X be a fiber over some point of Y.
Then there exists an action of H on F such that (Z x F)/H, T) is the homomorphic
image of (X, T) under a homomorphism ¢ which is also one-one. Thus (X, T) is
“almost” the associated fiber space to the ““principal” fiber space (Z, Y) with
fiber F. I write ““almost” because in general ¢ is not a homeomorphism. The case
when ¢ is indeed a homeomorphism is a generalization of Furstenberg’s theory of
isometric extensions [5].

Another natural algebraic approach is to start with a subgroup H of a group G
of automorphisms of some universal minimal set and to form /(H), the subset
of €(BT) consisting of those functions left fixed by all the elements of H. Then
&/(H) is a T-subalgebra of ¥(BT) which corresponds to a minimal set. Now
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H<G((H)) and the question arises, when does H=G(&/(H)). This leads to the
introduction of the r-topology on G and the solution: H=G(«/(H)) if and only
if H is a 7-closed subgroup of G.

In this paper group-like extensions are studied and the above characterizations
proved. The r-topology is defined on G and developed only so far as is necessary to
characterize the closed subgroups. In a subsequent paper a deeper study of this top-
ology will be made and a generalization of Furstenberg’s theory obtained therefrom.

NotaTION. T will denote a discrete group, BT its p-compactification, and €
the algebra of continuous real valued functions on BT. For fe €, x € BT, {f, x>
will denote the image of x under f. Let f'€ €, u,w € BT. Then fu(wf) is that element
of € such that (fu, x)={f, ux) (Kwf, x>={f, xw)) for x € BT. (Recall that ST
has a natural semigroup structure making left multiplication continuous [1].)

Let &/ be a subalgebra of €. Then &7 is a T-subalgebra if & is uniformly closed
and tfe &, (fe L, teT). (T may be considered a subset of BT so that ¢f is well
defined.) Let &7 be a T-subalgebra of €. Then an algebra homomorphism ¢ of &/
into € is a T-homomorphism if ¢(tf)=1d(f) (fe &, t€T). The set of T-homo-
morphisms of & into ¥ will be denoted |=7|.

I shall make constant reference to [1]. However, the following points perhaps
should be made explicit.

1. Let (X, T) be a point transitive transformation group with compact phase
space X. Then there exists a T-subalgebra 2/ of € and a natural action of 7 on ||
such that (X, T) is isomorphic to (||, T).

2. Let & be a T-subalgebra of €, ¢ € |/|. Then there exists u € BT such that
d(f)=fu (fe L); u of course is in general not unique.

Let o7 be a T-subalgebra of €. Then I will say that &/ possesses some recursive
property if the corresponding transformation group (||, T) possesses the property
in question. Thus & is minimal if (|#/|, T') is minimal, etc.

My first task will be to determine the universal minimal 7-subalgebras of €.

For the remainder of the paper M will denote a fixed minimal subset of (8T, T)
and J the set of idempotents of M. (Recall that M is universal.)

1. PROPOSITION. Let x € BT, A (x)=[f| fx=f].
Then 1. &(x) is a T-subalgebra of €.
2. If x € J then H(x) is a universal minimal T-subalgebra of €.

Proof. 1. Verify directly.

2. Let x € J. Then the mapping L,: BT — M such that L,(y)=xy (yeBT) is a
homomorphism of BT onto M. The image of the induced T-homomorphism of
% (M) into % is just &7(x). The proof is completed.

2. LEMMA. Let u € J, x € BT. Then there exists v € J such that /(v) = (u)x.

Proof. There exists veJ with uxv=ux [2]. Let fe &/(u). Then fxv=fuxv
=fux=fx, whence fx € &(v).
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Now let g€ /(v). There exists y € M with yux=v. Then gyu=(gyuwu € ()
and gyux=gv=g.

3. PROPOSITION. Let o/ be a universal minimal T-subalgebra of €. Then there
exists v € J such that o =< (v).

Proof. Since (M, T) and (||, T) are universal minimal sets, they are isomorphic.
This isomorphism yields a T-isomorphism ¢ of /(1) onto 7. There exists x € 8T
such that ¢(f)=fx (f e &(4)). Hence & = o (u)x=/(v) for some v e J.

4. COROLLARY. Let & be a T-subalgebra of €. Then < is minimal if and only if
& <o/ (u) for some ueJ.

Proof. If o/ «o/(u) with u €J, then || is the homomorphic image of |.2/(u)|.
Then |&/| is minimal [4].

Now suppose ¢ is minimal. Then || is the homomorphic image of |«/(u)|.
Hence there exists x € 8T with &/x <2/(u). The mapping f — fx (f € &) of & onto
&/x is a surjective homomorphism. Since & is minimal it must be injective [1].
Hence there exists y € BT such that &/xy=./. Then &/=xy<H(u)y=L(v)
for some v e J.

S. LeMMA. Let o/, # be minimal T-subalgebras of € with o/ T %#. Then there
exist p, y € M with o/p</(y) and Bp & L (y).

Proof. By Corollary 4 there exists u € J with # <.2/(u). Since &/ # %, || #|%|
and therefore there exist p, g € 8T such that fp=fq (f€ &) and hp+#hq for some
he %. Since up=p and ug=q on %, we may assume that p, g € M=u(BT).

Let ye M with py=q. Then fpy=fg=fp (fe ) but hpy=hq#hp. Thus
p<=L(y) but BpE ().

6. PROPOSITION. Let s/, # be minimal T-subalgebras of € with o/ G #. Then
either (i) there exists q € M with q|sf =identity and q|% + identity, or (ii) there
exist xe M, we J with o/ x<(w) and Bx & 4 (w).

Proof. Assume that (ii) does not hold, i.e. (xe M, weJ) &/x <2/ (w) implies
Bx< A (w).

Let p, ye M be as in Lemma 5, i.e. &/p</(y)Dd%Bp, and let v e J with yv=y.
Then «/p</(y)</(v) implies that Zp <./(v). Thus we may assume pv=p.

Now let ueJ with Z</(u). Set g=pr where pyr=u. Then fq=fpr=fpyr
=fu=f (fe &); i.e. g| =identity.

Let he # with hp#hpy. I claim that hg#h. To see this let s€ M with rs=v
and suppose hq=h. Then h=hu=hpyr, whence hs=hpyrs=hpyv=hpy. On the
other hand hs=hgs=hprs=hpv=hp. Thus the supposition hg=h leads to the
contradiction hp=hpy.

Let ueJ, &/ a minimal T-subalgebra of €. Then by Corollary 4 there exists
w € J with &/ </(w). This implies that &/u < o/(w)u=2/(u). Moreover, since % is
minimal, &/ is isomorphic to 2/u. Thus from the point of view of isomorphism
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types of minimal 7-subalgebras we may suppose that they are all contained in a
fixed universal algebra .# = o/(u), where u is a fixed element of J.

However, Proposition 6 indicates that in order to distinguish between two such
algebras &/ and # with &/ <% we may have to go “outside” of # and see how
the various isomorphic copies of &7 and # are situated with respect to the other
universal algebras («/(w) | w € J). In order to distinguish between 2/ and # having
reference only to .# we must therefore assume that the isomorphic copies of &/
and & are “nicely placed” with respect to the family (&/(w) | w € J). This is the
reason for the following definition.

7. DEFINITION. Let &/, # be minimal T-subalgebras of € with &/ <%. Then
& is a group-like extension of &/ (denoted #>) if (xe M, welJ) Ax<=A(w)
implies Zx <.(w); i.e. condition (ii) of Proposition 6 does not hold.

8. NotaTiON. For the remainder of the paper # will denote a fixed element of J,
# the universal minimal 7-subalgebra %/(x), and G=[p|p € M and pu=p]. Then
G is actually a subgroup of M [2]. To emphasize this fact I shall often denote the
elements of G with lower case Greek letters; w will denote the identity of G.

(Note w=u.)

9. PROPOSITION. Let f, B, @ be T-subalgebras of M with A <B<D. Then
(i) B> o implies Bp>Lp (p € BT), (i) D> if and only if D> and B> A.

Proof. (i) Let xe M, weJ and &/px < &/(w). We must show that Zpx <./ (w).
Now upx e M, #> <, and o/ (w)> L px=/upx imply that o/ (w)> Bupx=Bpx.

(ii) Let 9> . To show 2> % and # >, let p, g € M, v, w € J with o/p < (v)
and #q</(w). Then 2>/ implies that Pp<./(v) whence Bp<./(v) since
B<D. Thus #>. Moreover & <# and #q</(w) imply that g<.f(w).
Hence 2q</(w). Thus 2> 4.

Now suppose 9>% and #>. Let pe M, weJ with &/p</(w). Then
%> o/ implies that #p<./(w) whence Dp < (w) because Z>%. The proof is
completed.

10. DEFINITION. Let &/ be a T-subalgebra of #. Then G(&)=[c|a € G, fo=F,
(f € &)). Then it is immediate that G(«) is a subgroup of G.

11. PROPOSITION. Let </, 9 be T-subalgebras of M with D>, let &, F be
T-subalgebras of M with A <F and & V F <. Then § <& if and only if G(F)
<G(8).

Proof. Clearly & <% implies that G(#)<G(S).

Let G(F)<=G(&). Let £ be the T-subalgebra of € generated by & U #. Then
£ <2 and Proposition 9 implies that £ >%. If # were not equal to % there
would exist g € M with g|# equal to the identity and ¢|-# unequal to the identity
by 6 and 7. Since F <L <M, gq=qu on Z. Hence there would exist o € G(F)
with « ¢ G(Z). This however is impossible because we have assumed G(¥) <G(S);
indeed o € G(¥) implies « € G(€) whence « € G(£) by definition of Z.
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12. DEFINITION. Let A<pBT, fe €. Then f, will denote that element of € given
by {fa t>=sup [(fa,t) |ac 4] (teT).

Let K<G. Then the r-closure of K (denoted cls, K) is the set [« | « € G, fa < fyw
(fe #A))]. The topology (see Proposition 16) defined by this closure operator will
be referred to as the r-topology on G.

13. LeMMA. Let K<G. Then (tf)x=t(fx) (t€ T, f € H).

Proof. Let fe #, t, seT. Then {tfe, s> ={fuo, st) < fx, st>={tfx, 5) (¢ € K).
Hence (tf)x < tfx.

Also (tfe, s> ={(tf)k, 8> (e € K) implies that {fo, st> <t~ (¢f)k, st> whence
SeSt7X(#f)x and tfx < (tf ).

14. LEMMA. Let L, K<G. Then (i) K<cls, K, (ii) L< K implies cls, L<cls; K,
(iii) cls, K=cls,(cls, K).

Proof. (i) and (ii) are immediate.

(ii)) K<cls, K by (i). Hence cls, K<cls,(cls, K) by (ii).

Set N=cls, K. Then {fe,t>=<{fxw,t> (€N, teT, fe#). Hence {fy,t>
={fxw, t> (teT, fe H). Thus fy < fxw, whence fyw £ fro?=fyo.

Let e ecls; N. Then fe = fyw=fxw (f € #). Hence o € cls, K.

15. LEMMA. Let K<G. Then K=cls, K if and only if given o ¢ K there exists
feM such that {fx, w) <{f, .

Proof. Let K=cls, K and suppose o ¢ K. Then there exists g € # with go £ gxw.
Hence there exists 7 € T such that {tg, «)=(g, at)={ge, t)>{gxw, t>={1gk, w)
={(1g)k, w). Set f=tg. Then fe A and {f, w) <{f, .

Now suppose the condition of Lemma 15 to be satisfied. If « ¢ K then {f, )
<{f, a) for some fe .#. Hence fo % fxw and « ¢ cls, K.

16. PROPOSITION. The map K — cls, K of PG into PG is a closure operator on G.

Proof. By 14 it suffices to show cls, (K; U K;)<cls, K; U cls, K; for two nonnull
subsets K; and K, of G.

Let « € G with a¢cls, K; Ucls, K,. By 15 there exist f*, f2e.# such that
{ft,» w) <{f*, &) (i=1, 2). By adding constant functions to the f* we may assume
that {f*, > ={f?, ). Since all the functions involved are continuous there exist
a neighborhood N of w and a real number b such that {ff, > <b<{f*, o>
(teN, i=1, 2). Set <g, p>=inf [{f', p)> | i=1,2] (p€BT). Then ge A since A
is a subalgebra of €. Let B€ K; U K,. Then Be K, for i=1 or 2. Hence {gB, t>
={g, Bt) ={f*, Bt)={S"B, t>§_<f1‘{‘, t)<b<{f',a)={g, ) (t€ N). Thus

<gK1uK3’ t> é b< <g9 “> (tEN)-

Since gx, x, is continuous and T is dense in BT, {gk,uk,, w)<{g o; i..
{8k, uk,w, €) <{g«, e). Hence a ¢ cls, K; U K,. The proof is completed. (It will
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be shown in a subsequent paper that (G, 7) is compact T}, that inversion is continu-
ous, and that multiplication is unilaterally continuous.)

17. LEMMA. Let &/ be a T-subalgebra of #. Then G(&) is a closed subgroup of
(G’ T)-

Proof. Let o ¢ G(&). Then there exists fe & with fa#f. Hence there exists
teT with {f, t)#{fo, t), or {tf, e #{tf, a). Since (—f) € o/, we may assume
<tf, > <<tf, &). Set g=1tf € o/. Then gw=g implies that (g, w) <{g, a). Moreover,
gB=g (B G(&)) implies that gg.»,=g. Hence {ga) w) <<g, o). The proof is
completed.

18. PROPOSITION. Let H be a closed subgroup of (G, 7), Z(H)=[f|feH,
fa=f (e € H)]. Then /(H) is a T-subalgebra of # and G(/(H))=H.

Proof. That &/(H) is a T-subalgebra of .# is immediate. It is also clear that
Hc G(~(H)).

Now let « ¢ H. Then there exists f€ # with {fy, o) <{f, a).

Let Be H, te T. Then {fuB, t>={fu, Bt>Z{fy, Bt)> (y € H). Set y=238B"1. Then
{fubs t>2<f3, t) (8 € H). Consequently fuB2fu (B € H).

Set g=fyw. Then g=gw implies that g € #. Also gB=fuB2fy (B € H); whence
gB=gBw2fuw=g (Be H). Thus g8=g (B € H). Therefore g€ «/(H). But (g, &)
={ frw, &)={fu, @) <{f, ey ={fw, &) £ fu, &) ={fu, wa)={fuw, 0)={g, @);
whence g # ga. Thus « ¢ G(/(H)).

Proposition 18 shows that the mapping H — &/(H) is injective on closed sub-
groups of G and Proposition 11 shows that the mapping # — G(%) is also in-
jective when its domain is properly restricted. The above maps are indeed inverse
to one another when properly restricted. This restriction is necessitated because
of the limitations of Proposition 11.

19. PROPOSITION. Let & and 2 be T-subalgebras of M with 2> and
D =34(G(2D)). Then there is a one-one correspondence between T-subalgebras %
with A <B<2D and closed subgroups H of (G, 1) with G(@)=H<=G(). The
correspondence is given by # — G(&), the inverse mapping being H — s/ (H).

Proof. Let # be a T-subalgebra with o/ c#<2. Then G(2)<G(%F) implies
that & < (G(®)) <L (G(2))=2. By Proposition 18 G(#(G(%F)))=G(%). Hence
B =4 (G(%)) by Proposition 11. The proof is completed.

I would now like to investigate the topological significance of group-like ex-
tensions. First I shall consider the case of group-like extensions of the algebra R
of constant functions. The transformation group |R| is of course the trivial one.

19. LEMMA. Let &/ be a T-subalgebra of #. Then &/ > R if and only if fp=fpv
(feA,vel, pe M).

Proof. Let &/ >R, fe &/, velJ, pe M. Since Rp=R<H(v), &/p<s/(v); whence
Jp=fpv.
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Conversely, assume fpv=fp (fe &, velJ, pe M). Then Hp<H(v) (pe M,
veJ) whence &> R.

20. PROPOSITION. Let &/ be a T-subalgebra of #. Then &£ > R if and only if o/
is distal.

Proof. Let 2 be the T-subalgebra of € generated by [«/p | p € M]. Then |2|
is the enveloping semigroup of |.%/| [1] and .« is distal if and only if 2 is minimal
[2].

Assume that & is distal, let fe &, veJ, pe M. Then 2 is minimal. Hence
there exists w e J with 2 <.&/(w) by 4. Then fpow=fpv since fpv € 2. But vtw=w
implies that fpv=fpw. Moreover, fp € 9. Hence fp=fpw. Therefore fpv=fp,
whence &/ > R by 19.

Now assume &>R. Then by 19 &pcA(u)=# (pe M). Hence 2<.4.
Therefore 2 is minimal whence ./ is distal.

21. PROPOSITION. Let &/, # be T-subalgebras of M, let o/ be distal and D the
T-subalgebra generated by o/ U %. Then 2 > 4.

Proof. Let p e M, weJ with Bp<L(w). Set E=[f| f€ D, fp € Z(w)]. Then &
is a uniformly closed T-subalgebra of 2 which contains £. It also contains &/ by
19 and 20. Hence 2= ¢; i.e. Zp </ (w). The proof is completed.

22. ReMARKS. 1. Combining 19 and 20 one obtains that & is distal if and only
if fov=fp (fe A, pe M, veJ). This is the characterization of distal algebras
given in [6].

2. Proposition 21 gives a method of obtaining group-like extensions of a given
minimal algebra; just add distal functions to it.

3. Propositions 20 and 21 also show that the collection of distal functions forms
an algebra.

In [3] the notion of a bitransformation group was introduced; i.e. a triple
(H, X, T) where (H, X) and (X, T) are transformation groups with phase space
X and phase groups H and T respectively such that (hx)t=h(xt) (he H, x€ X,
teT). In this case T acts on the orbit space X/H=[Hx|xe X] in a natural
manner. It will be shown that the transformation group (Y, T) with (¥, T') minimal
and Y compact T, is of the form (X/H, T), for some bitransformation group
(H, X, T) with (X, T) minimal and X compact T, if and only if Z> </ and G(%)
is a normal subgroup of G(&), where # corresponds to X and &/ to Y.

23. LeMMA. Let &, # be T-subalgebras of M with B>, let p, g€ M with
| =q| L. Then there exists o € G() with ap=q on &. If, moreover, p|%B=q|%,
then « € G(%).

Proof. Let v € J with pv=p. Then &/p < (v), whence /g <(v). Since £ >,
%Bp U #q<AL(v). Thus g=qv on .
There exists r € M with rp=qv. Set a=ru € G. Then ap=qv and thus ap=q on %.
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Let feo/. Then fup=fqg=fp. Let pn=w. Then fo=fow=fopn=fpn=fo=f
ie. « € G(&).

If p|#=¢q|%, then the above relations are true for (f € %) proving that in this
case o € G(%).

24. DEFINITION. Let &/, # be T-subalgebras of .#. Then % is a group extension
of o if #> o/ and G(%) is a normal subgroup of G(&).

25. LEMMA. Let </, # be T-subalgebras of M with B>s/. Then # is a group
extension of & if and only if Bo<% (o € G(H)).

Proof. Assume & is a group extension of 7. Let « € G(7), & the subalgebra
of € generated by # U .

Let pe M, veJ with &p<(v). Since « € G(), Lop=/p<s(v); whence
Bp U Bap<L(v). Thus Dp<(v); i.e. D2>. Consequently 2>B. If D+ A
there would exist 8 € G(%), B ¢ G(2). But this is impossible since 8 € G(%) implies
that «Ba~'e G(#) whence Be G(#Hx) and therefore Be G(2). Consequently
D=% and Ba<AB.

Now suppose Bo<ZF (« € G()). Let Be G(B), fe B, a € G(). Then faoc B
and thus fefo~t=faa"1=f; i.e. afa~! € G(B).

26. PROPOSITION. Let &/, # be T-subalgebras of .#, let #> o/ and let 2 be
the subalgebra of ¥ generated by [#« | « € G(&)]. Then 2 is a group extension
of . (A fortiori 2 is a group extension of %.)

Proof. Let pe #, veJ with &p<(v). Then Lop=Ap<L(v) (o € G(X)).
Since #> o, Boap<L(v) (« € G(&)). Hence Dp<(v), and therefore Z>..
Clearly o< 2 (« € G(&)). The proof is completed by 25.

27. PROPOSITION. Let &7, B be T-subalgebras of M. Then % is a group extension
of & if and only if there exists a group of homeomorphisms H of |#| onto |%|
such that (H, |%|, T) is a bitransformation group with (|%|/H, T) isomorphic to
(||, T). Moreover, H is isomorphic to G()|G(%).

Proof. Let # be a group extension of &. Let « € G(), p, g € M with p|Z=q|%.
By 25 Ba< %, whence ap|# =ag|%. Thus the map p — ap of M onto M induces
a map of || onto |4|. This last is of course an automorphism of (|%|, T) onto
(42|, 7).

Now let o, Be G(&) with op|B=PBp|# (pe M). Then by 23 there exists
y € G(#) with ya=8; i.e. Ba~* € G(#). Thus (G(¥)/G(%), |%#|,T) is a bitrans-
formation group.

Let n: |#| — || be the canonical map; i.e. m(p)=p|«/ (p € |%|). Then by 23
n(p)=n(q) if and only if ep=q on |Z|; i.e. 7~ n(p)=[ep | |%B|/x € G(=)]. Thus
(|%|/H, T) and (||, T) are isomorphic.

Now let us suppose that (H, X, T) is a bitransformation group such that (X, T)
is minimal, X is compact T, and X /H is compact T.
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Let ¢: M — X be a homomorphism onto, and let #: X — X/H be the canonical
map. Then ¢*: €(X) > €M)= and »*: C(X/H) — C(X) are injective. Let
B =im $*, o/ =im ¢*»*. Then B> and (|%|, )~ (X, T), (||, T)~(X/H, T).

For fe €(X) let f be that element of 4 such that {f, t> =<, $(ut)) =<f, $(u)t>
(teT). Then the above isomorphism of (X, T) onto (||, T) is given by x — X
(x € X), where {fx, t>)={f, xt> (fe €(X), teT).

Let h e H. Then f— fh (fe C(X)) is a T-homomorphism, where { fh, x) ={f, hx)
(x € X). Thus A induces a T-homomorphism % of # into #. (% is in fact an iso-
morphism onto.)

Let pe M, veJ with &/p=/(v). Then p|o/ =pv|«. Let x, y € X with X=p|Z,
y=pv|%#. Then x|/ =j|/. This means that x and y are on the same fiber over
X/H. Hence there exists h € H with y=~hx; whence y=hx. Thus pv=hp on %;
whence hp=pv=pvv="Fhpv on #. However, k is an automorphism of % onto #;
therefore p=pv on #. Then #p < (v). This proves that Z > <.

Now let « € G(&). Pick x, y € X with X=0|%®, j=w|B. X| A =c|f =w|L =F|«.
Hence x=hy on #; i.e. «|#=h. But Z#h<AB. Thus Bo<%B whence # is a group
extension of &7 by 25.

Let « € G(&). Since « is a T-automorphism of # onto # it induces a homeo-
morphism o* on X which commutes with the action of 7. Moreover, « € G(%)
implies that «*x € w#~1mx (x € X). Choose x € X. Then there exists 4 € H such that
o*x=hx. Then o*(xt)=(a*x)t=(hx)t=h(xt) (t € T). Since cls(xT)= X, o*=h. The
map « — «* is then a homomorphism of G(<) into H.

Let he H. Then there exists p € BT with p/B=h. Since B<M and Bh<AB,
P|#=pu/#B. Set a=pu. Then o € G, «/B=h, whence o«*=h. Since k is the identity
on &, o € G(&£). Thus the map « — o* is onto. It is clear that the kernel of the
above map is just G(#). The proof is completed.

Proposition 25 states that given a minimal set (Y, T') with ¥ compact T, then the
only effective groups H which can occur in bitransformation groups (H, X, T)
with (X, T) minimal X compact T, and (X/H, T) isomorphic to (¥, T) are homo-
morphic images of G(&/) where &/ is the algebra corresponding to Y. Moreover,
the kernel of the aforementioned homomorphism must be a r-closed subgroup
of G(&). It is an open question whether given a 7-closed normal subgroup X of
G(&7) there is a group extension of (¥, T') with group G(«)/K.

Let (H, X, T) be a bitransformation group, let (F, H) be a transformation
group with phase space F and phase group H. Then (H, Xx F, T) is a bitrans-
formation group (where A(x, a)=(hx, ah~?), (x, a)t=(xt,a) (he H, xe X, acF,
t € T)), and one can form the transformation group (X x F/H, T). This is essentially
what occurs in the case of a general group-like extension as the following propo-
sitions indicate.

28. PROPOSITION. Let (H, X, T) be a bitransformation group with (X, T) minimal
such that X and X |H are compact Hausdorff, let (Y, T) be a minimal set with com-
pact Hausdorff phase space Y, let ¢: (X,T)— (Y, T), ¢: (Y, T)— (X/H,T) be
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homomorphisms onto such that y¢=m, the canonical map of X onto X|H, let
2o € X|H and F=~Y(z,) < Y. Then there exist an action of H on F and a continuous
bijective homomorphism f of (Y, T) onto (X x F|H, T).

(Note: In general X x F|H is not Hausdorff so that f need not be a homeomor-
phism.)

Proof. Let &/, #, 9 be T-subalgebras of ¥ corresponding to X/H, Y, X
respectively. Then we may assume that &/ cZ <P <.#. By 27, 2 is a group exten-
sion of & with H=G(«)/G(2). Again by 27, 2 is a group extension of & with
group K=G(%)/G(2). Thus we may identify K with a subgroup of H, Y with the
space X/K=[Kx/xe X], F with the set [Kx/x € Hx,] (Where Hx,=z,), and ¢
and ¢ with the canonical maps.

Now set (Kx)h=K(h~'x) (x € Hx,, he H). Then (F, H) is a transformation
group. Let f(Kx)=n(x, Kx,) where n: Xx F— Xx F/H is the canonical map.
To see that f'is well defined let k € K, x € X. Then k € H, k(x, Kx,)=(kx, (Kxo)k™*)
=(kx, K(kx,))=(kx, Kx,); i.e. n(kx, Kxo)=7(x, Kx,).

Let f(Kx)=f(Ky) for some x, y € X. Then 5(x, Kxo)=(y, Kx,), whence there
exists h € H with Ax=y and K(hx,)=Kx,. Then hx, € Kx,; i.e. hx,=kx, for some
k e K. Since both k& and k commute with the elements of T and cls(x,T)=X,
h=k. Thus h € K and Kx=Ky. Hence f is injective.

Let x€ X, Kae F. Then there exists h€ H with hxo=a. Hence h(h~'x, Kx,)
=(x, Khxo)=(x, Ka); i.e. n(h~1x, Kxo)=7(x, Ka). Thus f(Kh~‘x)=n(h"'x, Kx,)
=n(x, Ka). Hence f is onto.

The continuity of f follows from that of g: X — X x F/ H where g(x)=f(kx)
(x € X). The latter is continuous since it is the product of the continuous maps
X — (x, Kx,) of X into X' x F and 7.

The fact that f((Kx)t)=f(Kx)t is immediate. The proof is completed.

The relevance of 28 is seen in the following proposition.

29. PROPOSITION. Let o7, # be T-subalgebras of #. Then &> if and only if
there exists a bitransformation group (H, X, T) with (X, T) minimal, X compact
Hausdorff and homomorphisms ¢: (X, T)— (|%|,T), ¢:(X/H,T)— (||, T)
where  is an isomorphism and Jyp=nd, where p and w are the canonical maps of
x onto X|H and |%8| onto || respectively.

Proof. Let #>./. Set 2 equal to the T-subalgebra of ¥ generated by
[Bo | « € G()]. Then (G()/G(2), | 2|, T) is the required bitransformation group
and ¢ may be taken to be the restriction map.

The converse follows from Proposition 27.
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